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Abstract
A common approach for the quantitative analysis of

a generalized stochastic Petri net �GSPN� is to gener�
ate its entire state space and then solve the correspond�
ing continuous�time Markov chain �CTMC� numeri�
cally� This analysis often su�ers from two major prob�
lems� the state space explosion and the sti�ness of the
CTMC� In this paper we present parallel algorithms
for shared�memory machines that attempt to allevi�
ate both of these di�culties� the large main memory
capacity of a multiprocessor can be utilized and long
computation times are reduced by e�cient paralleliza�
tion� The algorithms comprise both CTMC construc�
tion and numerical steady�state solution� We give ex�
perimental results obtained with a Convex SPP	
��
shared�memory multiprocessor that show the behavior
of the algorithms and the parallel speedups obtained�

� Introduction

��� Background
The steady�state behavior of a GSPN ���� can be

analyzed either by discrete�event simulation or by
generating the state space of the underlying stochas�
tic process� namely a continuous�time Markov chain
�CTMC	� and then solving this CTMC numerically

If some events occur substantially less frequently than
others� simulation can become time�consuming and
numerical solution becomes the method of choice

However there are two principal potential problems in
the numerical analysis of GSPNs ��� ���
 state space
explosion and CTMC sti�ness

The state space of the underlying stochastic process

of a GSPN is often very large
 The memory capacity
and performance of a typical monoprocessor worksta�
tion may therefore impose severe practical restrictions
on the set of tractable models

There are two ways to deal with the state space ex�

plosion problem
 the �rst is avoidance by the use of
state space reduction methods ���� ��� ��� �� ��� ��

However� these may require more or less restrictive
net properties for their application
 The second is to
tolerate the size of the state space by either limit�
ing the computation to data relevant for the required
output quantities ����� reducing complexity at the net
level ����� using sparse storage techniques based on the

existence of model invariants ��� or by parallelization
��� ��� which is also the topic of this paper

Sti�ness in CTMCs can adversely a�ect the conver�

gence behavior of standard numerical solution meth�
ods like Gauss�Seidel ���� ���� leading to unaccept�
ably long computation times
 Sti�ness often occurs
when the rates of events in the system di�er strongly
in magnitude� as is usually the case with dependabil�
ity models
 The solution method used here� however�
has proven to be quite robust with respect to sti�ness


��� Our Contribution
In this paper we present new parallel shared�

memory algorithms for GSPN analysis both for the
construction of the CTMC and for its numerical solu�
tion
 We developed our algorithms for shared�memory
architectures since these have become widely available
as mainframe supercomputers and as high�end work�
station server machines� and also because they o�er
a convenient programming model for the concurrent
processing of large unstructured data sets

Our state space generation can be performed on

any GSPN� as de�ned by the well�known modeling
tool SPNP ���� without any structural restrictions
 In
addition� we allow the timed transitions to be of phase
type� rather than just exponentially distributed
 All
memory policies of the non�exponential timed transi�
tions ���� are allowed� and the automatic generation
of the state space is transparent to the user

In contrast to distributed memory algorithms for

state space generation� we do not need to partition
the state space explicitly� because global memory gives
each processor access to the entire data set
 Our data
structures allow a high degree of parallelism while
guaranteeing consistency
 Since global data is con�
currently updated and read very frequently� suitable
synchronization mechanisms are crucial to parallel ef�
�ciency
 Our synchronization strategies are adapted
from parallel �le system maintenance algorithms ���

For the numerical steady�state solution of the

CTMC we developed a shared�memory parallelization
of the multi�level algorithm presented in ����
 This is
also a general�purpose algorithm� which does not as�
sume any special model characteristics� and which is
especially e�cient for sti� CTMCs




We present performance measurements of a thread�
based implementation of our methods on a Con�
vex SPP���� shared�memory multiprocessor with
� Gbytes of main memory
 Results with a selection of
test cases indicate that our algorithms parallelize well
and achieve speedups which are essentially problem�
independent

The organization of the paper is as follows
 Sec�

tion � gives a short description of the state space
construction algorithm and the basic concepts of its
shared�memory parallelization
 Section � describes
the steady�state solution of the CTMC using the par�
allelized multi�level method
 In Section � we report
on the performance of our parallel algorithms using a
Convex SPP����
 Section � ends with a conclusion
and a survey of the tasks remaining for the future


� Parallel State Space Construction
Steady�state analysis of a GSPN can be done in

three steps ���� the �rst two of which will be described
in this section


�
 Generation of the extended reachability graph
�ERG	 which de�nes the underlying stochastic
process
 This is a semi�Markov process �SMP	
whose sojourn times are either exponentially dis�
tributed or constant zero


�
 Reduction of the SMP to a CTMC by eliminating
all states with zero sojourn time � these are the
so�called vanishing states in which one or more
immediate transitions are enabled


�
 Solution of the resulting system of linear equa�
tions to obtain the steady�state probabilities


��� Parallel ERG Generation

����� The Basic Algorithm

The ERG is a directed graph� whose states correspond
to the markings of the GSPN and whose weighted
arcs represent the rates or probabilities with which
state changes occur
 Our task is to create the entire
ERG� starting from the initial marking
 Algorithm
seq generateERG�� in Figure � performs the �sequen�
tial	 ERG generation
 New markings are generated by
�ring each of the transitions that are enabled in the
current marking
 The processing of a new marking
leads to the creation of an arc in the ERG
 The algo�
rithm terminates when there are no more markings to
investigate� at which point the entire ��nite	 ERG has
been generated
 The variable m refers to the current
marking and s is the corresponding state in the ERG

We refer to the source state of an arc as the parent of
its destination state in this section


����� Data Structures

Shared memory parallelization concepts are based on
the idea that all data may be accessed by all the par�
allel processes or threads� as they all share the same
address space
 Therefore it is crucial for the e�ciency
of shared�memory parallelizations that the design of
the global data structures allows concurrent manip�
ulation
 So we will �rst have to consider the data

ALGORITHM seq generateERG��

m � initial marking
create new state s corresponding to m in ERG
push s onto stack
WHILE � stack �� empty �

get parent state� sp � pop�stack�
FOR �all successor markings m of sp�

look for state s corresponding to m in search structure
IF � not found s � �
THEN

create new state s corresponding to m in ERG
insert s into search structure
push s onto stack

ENDIF
create new arc in ERG with source sp and destination s

ENDFOR
ENDWHILE

Figure �
 Algorithm for ERG generation

structures used by the ERG generation algorithm of
Figure � before we can describe the design decisions
and synchronization mechanisms we apply in our par�
allelization �Section �
�
�	

There are three main data structures that are used

by algorithm seq generateERG��
 a stack� the ERG
itself and a search structure

Stack� Newly generated states are stored in a

stack until their turn to be processed

ERG� Arcs are linked to the data structures

of their destination� rather than their source states�
since neither the CTMC generation nor the numerical
solution needs to access outgoing arcs
 This storage
scheme is very important for avoiding both synchro�
nization within the ERG structure �as we will see in
Section �
�
�	 and unnecessary memory consumption

Search structure� The search structure is used

to retrieve previously created states which are iden�
ti�ed by the marking they represent
 To do this e��
ciently� especially for large state spaces � the search
structure has to ful�ll two criteria
 short search times
and low memory consumption
 To achieve this� hash
tables require an accurate a priori estimate of minimal
table size and also a hash function that distributes the
markings equally within the table
 For GSPNs� how�
ever� neither of these objectives seems feasible
 There�
fore we decided to use a balanced search tree
 this pro�
vides search times that are logarithmic and a memory
consumption that is linear in the number of states


����� Parallelization

We now describe the parallelization of the main loop
of algorithm seq generateERG�� of Figure �
 Since
during one pass through the loop of the algorithm the
time spent on generating the new markings� looking
for a marking in the search structure and updating
both the ERG and the search structure turned out
to be similar� all of these operations must be done
in parallel
 All threads carry out the main loop of
algorithm seq generateERG�� concurrently� but each
operates on a di�erent marking at any one time

Parallelization Problem� This parallelization

approach leads to the problem of maintaining data



consistency
 each thread must be able at any time to
decide if the marking it is processing corresponds to
an already created state or not� which means that it
must always have access to the most recent update of
all global data

Parallel ERG generation algorithms for distribu�

ted�memory machines are reported in ��� and ���

There� this problem is solved by partitioning the state
space onto the processes in advance
 Each process ac�
cesses only its own part of the ERG and the search
structure� from which it automatically follows that it
uses the most recent update
 A process has to send
all the markings it generates that do not belong to its
partition to the appropriate process� which may cause
a large communication overhead
 In both cases cited�
it was found that for some models a load and memory
imbalance occurred� which was caused by an inappro�
priate partitioning that mapped unequal numbers of
markings to processors
 Therefore� the algorithm of
��� requires the user to apply knowledge of the GSPN
model in order to specify the hash function that maps
markings onto processes

By contrast� a shared�memory architecture allows

each thread access to the entire ERG and search data
structure� thus obviating the need for partitioning and
� as a consequence � for such heuristics
 There are
no load balancing problems to be concerned with� but
data structures have to be designed which allow e��
cient concurrent access� along with suitable synchro�
nization methods for maintaining data consistency

Synchronization� Synchronization is needed

when concurrent reading and writing of the global
data may lead to inconsistencies
 Consistency can be
achieved by protecting the data by the use of locking
variables
 If data is only accessed when locked � be
it for reading or for writing � then this access is done
under mutual exclusion
 To maximize the degree of
parallelism� it is therefore important that the volume
and frequency of data locking be as small as possible

Locking schemes on B�trees�
Since all the threads concurrently read from and in�

sert into the search tree and since these operations are
done very frequently � reading is probably performed
several times for each ERG arc and an insertion takes
place for each ERG state � e�cient synchronization
strategies on the search tree are crucial for the per�
formance of the algorithm
 We found an e�cient way
to maintain the balance of the tree by allowing con�
current access through the use of B�trees� which are
described in detail in ����

A B�tree is said to be of order � if the maximum

number of keys that are contained in one B�tree node
is ��
 A node containing �� keys is called full
 The
search keys of one node are ordered smallest key �rst

Each key can have a left child which is a B�tree node
containing only smaller keys
 The last �largest	 key in
a node may have a right�child�node with larger keys

Here the GSPN markings � represented by integer
vectors � serve as search keys� whereby the lexico�
graphical ordering is imposed

Searching is performed in the usual manner
 com�

paring the current key in the tree with the one that
is being looked for and moving down the tree accord�

ing to the results of the comparisons
 An unsuccessful
search always leads to an insertion into a leaf node

Insertion into a full node causes the node to split into
two parts� promoting one key up to the parent node
which may lead to the splitting of the parent node
again and so on recursively
 Splitting might therefore
propagate up to the root
 Note that the tree is auto�
matically balanced� because the tree height can only
increase when the root is split


In the parallel context� B�trees allow various syn�
chronization schemes for maintaining data consis�
tency
 In ���� several locking methods are described�
assigning one or more locking variables to each B�tree
node
 In our experiments we observed that using more
than one locking variable causes an overhead that is
not justi�ed since the operations on each state are
not very time�consuming
 The easiest way to avoid
data inconsistencies is to lock each node encountered
on the way down the tree in the course of the search

Since non�full nodes serve as barriers for the back�
propagation of splittings� all locks in the upper por�
tion of the tree can be released when a non�full node
is encountered ���
 However� using this approach� each
thread may hold several locks simultaneously
 More�
over� the locked nodes are often located in the upper
part of the tree where they are most likely to cause
a bottleneck
 Therefore� and since we do not know a
priori if an insertion will actually take place� we have
developed another method� adapted from ����� that we
call splitting�in�advance


Our B�tree�nodes are allowed to contain at most
�� � � keys
 On the way down the B�tree each full
node is split immediately� regardless of whether an in�
sertion will take place or not
 Back�propagation does
not occur� since parent nodes can never be full
 There�
fore a thread holds at most one lock at a time
 The
lock moves down the tree as the search proceeds
 This
keeps access con�icts between threads to a minimum�
allowing high concurrency of the search tree process�
ing
 Figure � shows the insertion of key �� in a B�tree
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 Splitting�in�advance in a B�tree



of order � � � using splitting�in�advance
 Locked
nodes are shown as shaded boxes
 As the root node is
full� it is split in advance in Step �
 The lock can be
released immediately after the left child of key �� has
been locked �Step �	
 The encountered leaf�node is
again split in advance� releasing the lock of its parent
�Step �	
 Key �� can then be inserted appropriately
in Step � without the danger of back�propagation

Using sparse storage methods� i
e
 organize B�tree

nodes as linked lists rather than arrays� which in gen�
eral will not be full � the data organization is similar
to that of binary trees� whereby B�trees consume at
most one more byte per ERG state than binary trees
�for details see ����	

Locking on the stack�
Since a single shared stack would be a considerable

bottleneck� we additionally assign a private stack to
each thread
 Each thread uses its private stack� only
pushing new markings onto the shared stack if the
latter�s depth drops below the number of threads
 A
thread only pops markings from the shared stack if its
private stack is empty
 In this manner load imbalance
is avoided
 The shared stack is accessed concurrently
and thus has to be protected by a locking variable

On the other hand� as reading and writing the variable
representing the stack depth are atomic operations� no
locking is needed when accessing it

The overall locking scheme�
Our algorithm uses one locking variable per B�tree

node and one for the shared stack
 No barriers are
needed during the ERG generation� allowing a maxi�
mum degree of independence between the threads

Each thread holds at most one lock at a time


The data structures that require synchronization are
the shared stack and the search tree
 Because arcs
are linked to the data structures of their destina�
tion� rather than their source states� no additional
synchronization is needed for the ERG data struc�
ture
 This can be seen from an analysis of algorithm
seq generateERG��� which reveals


� ERG states are always accessed via the search
structure


� It is the destination state that is looked up before
a new arc is created �Figure �	


� Other threads are prevented from accessing the
destination state by holding the lock of its cor�
responding B�tree node until the arc is inserted
�Figure �	


� The arcs of the parent state are not manipulated


Termination� Termination of the ERG gener�
ation algorithm is determined by the status of the
global and private stacks
 Each thread has a local
termination �ag which is readable for all the other
threads
 Termination testing is performed by each
thread only when it encounters an empty shared stack
�implying that its private stack is empty� too	
 The
thread sets its termination �ag and then tests all the
other termination �ags under mutual exclusion by
holding the lock of the shared stack until the end of
the termination test
 If the test fails� the thread waits
a random time before again trying to pop a marking
from the shared stack


��� Parallel Elimination of Vanishing
States

The second step in the analysis of a GSPN is
the elimination of vanishing states from the reach�
ability graph in order to obtain a continuous�time
Markov chain
 There are twomethods available
 post�
elimination and elimination on�the��y


�
 Post�elimination �rst constructs the complete
ERG and subsequently eliminates all vanishing
states and arcs to obtain the CTMC
 We im�
plemented post�elimination �rst because it pre�
serves the possibility of computing impulse re�
wards� which require the entire ERG ���


�
 Elimination on�the��y means constructing the
CTMC directly from the GSPN without per�
manently storing all the vanishing states
 This
method bypasses the creation of the ERG


We now give a brief description of the two ways of
constructing the CTMC in parallel
 In Section � the
two approaches are compared


����� Post�Elimination of Vanishing States

The description of the overall locking scheme in Sec�
tion �
�
� showed the importance of storing the arcs
with �only	 their destination state
 The CTMC gen�
eration algorithm must be constructed to allow par�
allelism utilizing only this information
 The parallel
generation of the in�nitesimal generator of the CTMC
can be done by �rst partitioning the tangible ERG
states � these are the states in which only timed tran�
sitions are enabled � equally onto the threads
 Each
thread then visits all its tangible states and eliminates
all of the latter�s incoming vanishing arcs� i
e
 arcs that
have a vanishing source state
 The elimination of a

Step 1Initial Situation

Step 2 Step 3

T1 T2 T1

T1 T1

T2

T2 T2

T4 V2 T3

1V

T4

T4T4

T3

T3T3

1V

1V

V2

V2

Figure �
 Parallel CTMC generation by eliminating
vanishing states

vanishing arc is done by replacing it by newly�created
incoming arcs connecting all the parent states of its
source state with its destination state and performing
the corresponding modi�cations to the rates ���
 When



chains of vanishing states are encountered� the elimi�
nation proceeds recursively in a breadth��rst manner

Figure � shows the elimination of the vanishing states
by two threads in parallel for a portion of an ERG

Vanishing states are denoted by �V� and tangible ones
by �T�
 Tangible state T� is mapped onto Thread �
and state T� onto Thread �
 In Step �� each thread
replaces a vanishing arc by two new arcs in parallel

Since two of the new arcs are also vanishing� they are
concurrently eliminated in Step � in the course of the
breadth��rst recursion
 Since the only data that is
modi�ed are the incoming arcs of tangible states� and
since the only data read concurrently are the vanish�
ing arcs of vanishing states� no locking is needed at all

Synchronization is limited to one barrier� which forces
the threads to wait until all the vanishing states with
their arcs can be explicitly deleted �Step �	

Vanishing loops in the state space of a GSPN are

usually considered illegal and therefore lead to an er�
ror message
 Vanishing loop detection is done sepa�
rately by a partial depth��rst search over the vanish�
ing states before they are eliminated ���
 Its compu�
tation time can be neglected

The advantage of post�elimination is that it gener�

ates the ERG
 It has the consequent disadvantage of a
higher amount of storage� since all vanishing markings
have to be stored
 In a typical GSPN the number of
vanishing states can easily equal or exceed the num�
ber of tangible states� the storage requirements for this
method could thus be double those of the on�the��y
algorithm


����� Elimination on�the��y

Elimination on�the��y means that during the reach�
ability graph generation vanishing states are not ac�
tually generated and inserted in the search structure�
but are only temporarily stored until further explo�
ration of the state space again encounters a tangible
state
 Then a link can be made directly between the
tangible state from which the �rst vanishing marking
was found to the latter tangible state
 For a detailed
description of the on�the��y algorithm see ��� or ���

The method needs only slight modi�cation for parallel
execution and is therefore not described further here

In the parallel case each processor maintains a sep�

arate local stack for the temporary vanishing mark�
ings
 There are no special problems to overcome when
eliminating on�the��y in parallel since all the compu�
tations concerning vanishing states can be done locally
without need for any knowledge about the global state
space
 Since there is no synchronization or locking
necessary for the vanishing markings� parallel elimi�
nation on�the��y is very e�cient on a multiprocessor

The advantages of the on�the��y approach are that

it can save a considerable amount of memory� since
only a handful of vanishing markings must be stored
at any one time� and that it can be parallelized more
e�ciently
 On the other hand it can be more expensive
than the post�elimination scheme� since the processing
of the same sequences of vanishing markings may have
to be carried out several times over


� Steady�State Analysis Using the
Multi�Level Method
The multi�level method ���� is an iterative algo�

rithm for computing the steady�state probability dis�
tribution of a CTMC
 It makes use of a system of
CTMCs created by recursively coarsening the origi�
nal CTMC
 Its convergence behavior can be signi��
cantly better than that of traditional numerical so�
lution methods like Gauss�Seidel�SOR when sti� or
large CTMCs are solved ����
 Furthermore� the algo�
rithm is well�suited to be parallelized on a shared�
memory architecture� as we will show


��� Sketch of the Multi�Level Method
The multi�level solution process consists of an ag�

gregation phase and a subsequent iteration phase

Aggregation phase� First� a hierarchical sys�

tem of recursively coarsened CTMCs �levels	 has to
be generated� �Figure �	
 This aggregation process
terminates when a CTMC is generated that is small
enough to be solved easily using a standard solution
method
 The aggregation maps groups of �ne�level
CTMC states to common coarse�level states� resulting
in a new� smaller CTMC
 The �ne�level CTMC states
that are aggregated to the same coarse�level CTMC
state are referred to as the child states of the latter�
which is referred to henceforth as the parent state


Original CTMC

1st coarsening step

2nd coarsening step

q

p p

p pi j

kl

qij

lk

Figure �
 Aggregation of CTMCs

In order that the coarse level system has a solution
in which coarse state probabilities are the sums of their
children�s probabilities� the coarse transition rates �qij
from state i to state j depend both on the �ne�level
transition rates qkl and the �ne�level steady�state so�
lution probabilities pk �or current approximations to
these	 according to the aggregation matrix� whereby
sk � �si denotes that coarse�level state �si is the parent
of �ne�level state sk


�qij 
�

P

sk��si

pk
P

sl��sj

qkl

P

sk��si

pk
� ��	

Iteration phase� After the aggregation phase
is �nished� multi�level iteration cycles have to be per�
formed on the original CTMC until its approximate
solution has reached the required precision

A single multi�level iteration on a �ner CTMC of

the hierarchy consists of �ve steps ����




�
 Pre�smooth the current approximation to the so�
lution of the CTMC by performing a few Gauss�
Seidel iteration steps
 This improves the relative
probabilities in states with a common parent


�
 Restrict the smoothed �ne�level solution to the
next coarser level and compute new values for the
coarse�level transition rates


�
 Recursively perform a multi�level iteration on
that coarser level� on the coarsest level of the hier�
archy� solve the CTMC exactly using a standard
solution method
 This obtains improved values
for the probabilities of aggregates and thus for
the sums of the probabilities of their children


�
 Correct the �ne�level approximation by applying
the relative changes in the coarse�level probabil�
ities to their �ne�level members


�
 �Optionally	 post�smooth the corrected �ne�level
approximation using Gauss�Seidel


��� Aggregation Algorithm
We have not yet considered parallel aggregation

strategies� because when solving the CTMC sequen�
tially� the major portion of the computation time is
usually consumed by the iteration phase
 The design
of parallel aggregation strategies will be an essential
part of our future work

The aggregation strategy must ful�ll the following

two conditions


� Only small groups of strongly coupled states� i
e

those which are connected by transitions with
comparatively large rates� are aggregated


� Two states are prevented from being aggregated
if at least one of them is connected signi�cantly
more strongly with a third state


In order to achieve this� the aggregation algorithmsuc�
cessively visits all arcs in the �ne CTMC in descend�
ing order of rate
 Our implementation therefore uses
a sorted list of arcs to generate coarse�level CTMC
states� which is processed sequentially
 This strategy
does not lend itself well to parallelization
 We are
presently trying to �nd an aggregation strategy that
allows a high degree of parallelism while still ful�lling
the above conditions

Finally� we generate the arcs of the coarse CTMC


Whenever there is an arc connecting two �ne�level
CTMC states that are mapped to di�erent parent
states� a coarse�level arc connecting those two parent
states has to be introduced
 This part of the aggrega�
tion can be parallelized without di�culties


��� Multi�Level Iteration
In this subsection we discuss some algorithmic as�

pects of the parallel multi�level method �see also ����	

We use a global barrier to synchronize the threads

following each of the �ve steps mentioned above in
order to ensure that all threads are working on the
same step at any time during the iteration phase

Partitioning the CTMCs� Our algorithm par�

titions each CTMC of the hierarchy into as many sets
of states as there are parallel threads
 This partition�
ing can be completely arbitrary �see Figure �	 � we
simply partition the index set � because the shared

memory architecture allows each thread to access the
entire data of the hierarchy


Thread 1 Thread 2Thread 0

fine level

coarse level

1s s2 s3

s
_
1

Figure �
 Partitioning the CTMCs

Smoothing the approximate solution� Our
parallel Gauss�Seidel smoothing procedure �Steps �
and � of the algorithm	 implicitly reorders the un�
knowns so that each thread can process its partition
in one sweep without needing synchronization
 Re�
taining the sequential ordering of states would incur
excessive idle times while waiting for value�updates
done by other threads
 This modi�cation can a�ect
the performance of the method� but greatly enhances
its parallelism

Restricting �ne�level approximations� The

restriction procedure �Step � of the algorithm	 con�
sists of two phases
 the transfer of the pre�smoothed
�ne�level approximation to the next coarser level� and
the re�computation of the coarse�level transition rates
according to Equation ��	
 Our algorithm performs
both of these steps entirely in parallel
 In the solution
transfer step� each thread sums the solution values of
all children of each coarse�level state in its partition

These quantities represent the values of the denomi�
nator in Equation ��	
 In Figure � Thread � computes
the restricted approximation for coarse�level state �s�
by successively visiting its child states s� and s� and
accumulating their current steady�state solutions
 At
the same time� the values of the numerators in Equa�
tion ��	 can be determined by inspecting the incom�
ing arcs of the child states of each coarse�level CTMC
state
 Second� after synchronization with a global bar�
rier� the division can be performed in parallel

Correcting �ne�level approximations via in�

terpolation� This step �Step � of the algorithm	
does not impose any di�culties in parallelizing since
there are no data dependencies within each level at all

The coarse�level correction is obtained by dividing the
approximation resulting from the multi�level cycle on
the coarse level by the approximation yielded by the
previous restriction step
 Each thread can then multi�
ply the coarse correction back into the values of each
of its �ne�level states
 In Figure � Thread � corrects
the approximation of the �ne�level state s� by reading
the correction factor of the corresponding parent state
�s� and then performing the multiplicative correction

Normalization and error computation� Nor�

malization to a probability vector and error compu�
tation both require a reduction and a broadcast op�
eration which are easily realized with shared�memory
using a lock in conjunction with a global barrier




� Experimental Results
��� Description of the Experiments
We implemented our algorithms on a Convex Ex�

emplar SPP���� multiprocessor with � Gbytes of main
memory
 This machine uses non�uniform memory
access with physically distributed memory
 In this
sense the results are worst�case and the measurements
should be representative for modern shared�memory
machines
 Our implementation used Convex�speci�c
threads
 We have also ported our implementation to
a Sun Enterprise machine which uses POSIX threads

In all cases reported below� each thread is mapped to
a di�erent processor

Our experiments use three scalable GSPN models


� Model A is used to analyze the performance of a
dynamic�priority operating system �����

� Model B is adapted from ���� and describes a mul�
tiprocessor system with failures and repairs�

� Model C is taken from ���� and models a �exible
manufacturing system


In practice we can handle state spaces of more than
� million states and �� million arcs on a subcomplex
with � GBytes of memory without needing data com�
pression methods
 The models used here are much
smaller because other users had to be excluded whilst
the experiments were done
 This is because the SPP
does not provide accurate user�dependent timer val�
ues and that context switches indirectly lead to severe
delays owing to cache reloading
 In our measurements
we use the model sizes given in Table �
 With mod�
els of twice the size� one sequential experimental run
would have taken about �� hours


Model A Model B Model C

ERG states ��������� ������� �������
arcs ��������� ��������� ���������

CTMC states ������� �	����� �
�����
arcs ��	������ ��������� ���������

Table �
 Used State Space Sizes for Di�erent Models

In contrast to the ERG and CTMC generation�
the multi�level solution shows a variance in execution
time
 This is caused by the non�deterministic order�
ing of the states of the CTMC when it is generated in
parallel
 The dependence of Gauss�Seidel on the or�
dering can a�ect the multi�level convergence rate
 In
addition� the number of levels may vary because of the
heuristic nature of the aggregation strategy
 Hence� all
multi�level measurements are averaged over �ve runs

The values vary from the mean value by � on an
average� whereby the maximum di�erence is �� 


��� Measurements
Figure � shows the computation times needed for

the di�erent phases of our algorithms depending on
the number of processors using Model C
 the CTMC
generation applying elimination on�the��y� the ERG
generation followed by the post�elimination of the

vanishing states� the aggregation of the multi�level al�
gorithm and �nally the multi�level iteration
 Figure �
shows the corresponding speedup values

In the monoprocessor versions used for these mea�

surements� all locking operations were deleted and the
B�tree order of the CTMC generation was optimized

� � �
 Note that the good speedup for the state space
generation emphasizes the e�ciency of our locking
mechanisms
 Post�elimination of the vanishing states
is not very time�consuming
 For this model computa�
tion times and speedups for post and on�the��y elimi�
nation do not di�er very much
 The aggregation phase
of the multi�level algorithm is largely sequential and
therefore no signi�cant speedup is gained
 The time
for the aggregation is� however� non�negligible� and we
are therefore currently working on a parallel version

Figures � and � compare computation times and

speedups for the CTMC generation using the post and
on�the��y elimination methods for Models A and B

Besides the advantage of saving storage �more than
two thirds of the states are vanishing	� for these mod�
els elimination on�the��y gains better speedups than
post�elimination
 But as explained in Section �
�
��
chains of vanishing markings may be traversed several
times� which in these cases results in higher computa�
tion times for the elimination on�the��y
 For Model
A� where the number of arcs per state is very small�
the speedup compensates for this additional work so
that elimination on�the��y is faster on eight proces�
sors
 A comparison with Figure � suggests that the
speedups seem to be nearly model�independent

In Figure �� the total number of markings popped

from the private stacks during the ERG generation is
compared with the number of markings popped from
the shared stack for Model A
 The left bars corre�
spond to the private stack and the right ones to the
shared stack respectively
 When eliminating vanishing
states on�the��y� the numbers are smaller because all
the vanishing markings are kept on a separate� local
stack and do not appear in this �gure
 The number
of accesses to the shared stack when eliminating on�
the��y are so small� that they cannot be seen in the
diagram
 The �gure shows that many con�icts access�
ing the global stack have been avoided by assigning
a private stack to each thread and that most of the
markings a thread creates are processed by itself

The time reduction for the CTMC generation by

introducing local stacks can be seen in Figure �� for
Model A� which is also representative for the two other
models
 The improvement is substantial and � as
expected � is more e�ective for post�elimination

Figure �� shows the dependency between the

speedup of the ERG generation and the B�tree order
� for Model B applying post�elimination
 A smaller
choice for � yields deeper B�trees� causing more lock�
ing operations� each of which� however� is of shorter
duration
 Increasing � reduces the number of locking
operations� but increases both their duration and the
overall search cost
 The best performance is obtained
with � � �opt � �� independently of the number of
processors
 Elimination on�the��y is not very sensi�
tive to the B�tree order
 Its performance decreases
when orders higher than �� are used
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Figure �� compares the computation times of the
multi�level and the Gauss�Seidel methods using � pro�
cessors for Model B with a sti� CTMC with up to
about ������ states
 The e�ect of the superior conver�
gence rate of the multi�level algorithm can be clearly
seen in the time di�erence� especially when bearing in
mind that one multi�level iteration is about �� times
as expensive as one Gauss�Seidel iteration
 In addi�
tion� the latter method can be more e�ciently paral�
lelized� the speedups obtained by Gauss�Seidel are ap�
proximately �� ��� higher than those of the multi�
level algorithm


� Conclusion and Future Work
We have described our parallelization concepts for

both the state space construction of GSPNs and the
numerical solution of the underlying CTMCs using a
shared�memorymultiprocessor
 We considered an im�
plementation of our algorithms and observed that our
expectations were entirely met
 the high performance
and large mainmemory of a modern parallel computer
could be e�ciently exploited� allowing us to analyze
large GSPN models that had been intractable using
standard sequential methods on a single workstation

Furthermore� the performance gains of our parallel al�
gorithms were nearly independent of the GSPN model�
thus underlining the general usefulness of our con�
cepts

In contrast to contemporary distributed memory

algorithms for parallel state space generation� no in�
put from the modeler is required and no heuristics
need to be applied for partitioning the state space in
advance
 Our approach to parallel state space genera�
tion mainly depends on the application of an e�cient
searching algorithm which is based on B�trees
 These
data structures support parallelism by providing e��
cient synchronization concepts

The steady�state solution of the CTMCs is done

using a parallel version of the iterative multi�level al�
gorithm
 This method has already proven to outper�
form the standard solution methods like Gauss�Seidel
by achieving signi�cantly higher rates of convergence�
especially when applied to large� sti� problems

Encouraged by the positive results of our work up

to now� we intend to �ne�tune our algorithms and
implementations
 Detailed measurements of the con�
�icts when concurrently accessing the search structure
in the course of the reachability graph generation are
to be done
 Organizing a B�tree node as a balanced
tree or using di�erent node sizes for di�erent B�tree
levels might contribute to a better speedup
 In the
context of the multi�level method� we now have to
focus on parallel aggregation strategies� because with
the signi�cant reduction of the time spent on the iter�
ative computation� the aggregation phase has become
the most time�consuming part of the solution process

In order that the parallel program be a useful model�
ing tool� we will add components for the evaluation of
measures and rewards
 These do not pose any partic�
ular di�culty with respect to parallelization

We are at present developing parallel algorithms

for distributed memory architectures and workstation
clusters
 Here� a di�erent approach is necessary� and
new problems such as e�cient partitioning of the state
space onto the processors and detecting the occurrence
of load imbalance have to be solved
 Our current ideas
comprise the assignment of one subtree of the search
structure to each processor and the application of au�
tomatic load balancing algorithms by observing the
frequency of root splitting events
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